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Appendix S1. Estimating life expectancy in constant environment using stage
duration matrix N
We split matrix A, an S × S matrix (here the number of life stages S = 5) into an S × S
transition matrix Q in which the fertility elements are replaced with zeros (σiφi = 0) so that Q
represents transitions among stages of already existing individuals, and an S × S fertility matrix
F which has all matrix entries equal zero except the fertility elements, σiφi, so that it represents
only the production of new individuals,
A = Q+ F. (S1)
To calculate life expectancy in a constant harvest scenario, we determine how much time an
individual is expected to spent in each stage before dying, by calculating the stage duration
matrix N (Cochran & Ellner, 1992) as follows:
N = (I−Q)−1, (S2)
where I is an S × S identity matrix. The (remaining) life expectancy of an individual in a given
stage is obtained by summing the columns of the stage duration matrix N. The sum of the first
column of N is the mean number of years a seedling is expected to live and represents the life
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expectancy for populations harvested at a constant rate. The sum of each of the remaining
columns of N represent the number of years an individual in a given life stage is expected to live,
conditional on reaching that stage. We performed the above analysis for each of the six Q
matrices (two climatic regions × three harvest intensities).
Appendix S2. Estimating return time to high harvest
The return time to high harvest for each Markov chain is calculated by considering high harvest
intensity as the absorbing state (Matthews, 1970; Caswell, 2001) and determining the first
passage time to that absorbing state for populations starting at a high harvest intensity, using the
sum of the column (β = high level of harvest intensity). This is the environment-level analogue to
matrix N (see eqn. S2); here we track time for the environment to return to a given harvest state
whereas above we track time until an individual dies.
Appendix S3. Detail calculation of megamatrix m which combines population
and environment level dynamics
The megamatrix m is the SK × SK (where K is the size of the Markov chain) combines
population and environment level dynamics (Pascarella & Horvitz, 1998; Tuljapurkar & Horvitz,
2006)
m = (C⊗ I)×Ua, (S3)
where ⊗ is the Kronecker product which produces a block matrix of K ×K blocks, each S × S,
such that within each block the elements are a product of a single element of the first matrix C
with each element of the second matrix I. In our application, C is a 3-state Markov transition
matrix with elements cαβ representing the probability that a K. senegalensis population that is
currently harvested at intensity β will be harvested at intensity α the next year. Ua is also a
block matrix of K ×K blocks, each S × S, with zeros everywhere except in the blocks that form
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the diagonal of the block matrix, where the matrices Q are inserted.
Appendix S4. Age at first reproduction in constant and stochastic
environments
For a scenario in which the harvest intensity remains constant, we calculate the expected age at
first reproduction as the mean first passage time from the seedling stage (stage 1) to the first
reproductive stage (stage 4), conditional on reaching this stage before death (Cochran & Ellner,
1992; Caswell, 2001). We created the reproduced-before-dying absorbing state by finding the
column corresponding to the smallest reproductive stage and replacing all the entries in this
column of the transition matrix Q with a column vector of zeros; the result is a new transition
matrix Q(c). The probabilities of reproducing before dying for each life stage were calculated
using matrix B:
B = M(I−Q(c))−1, (S4)
where M is a 2×S matrix whose first row contains probabilities of death for each stage (see
details in Caswell, 2001, p. 124-126), except the 4th element (the small reproductive stage), which
was replaced by 0. The second row of M is made of zeros except the 44th element, which has a
value of 1. Matrix B is of dimension 2×S; the first row b1 represents the probabilities of dying
before reproducing and the second row b2 represents the probabilities of reproducing before dying.
We created an S × S matrix B2 = diag(b2) with b2 on the diagonal and zeros everywhere else to
calculate the conditional transition matrix, T(c), and E(η(c)), the expected time to reproducing
before dying:
T(c) = B2Q
(c)B−12 , (S5)
E(η(c)) = eT (I−T(c))−1. (S6)
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The first entry of vector E(η(c)) is the mean time for seedlings to reach the small reproductive
stage. That is the age at first reproduction. The second and third entries represent the mean time
for other pre-reproductive stages to reach the reproductive stage.
We obtain the expected age at first reproduction for populations experiencing stochastic variation
in harvest intensity by using the large block matrix that encapsulates the dynamics of
environment together with the dynamics of stage transitions within each state of the environment
as above, following Metcalf et al. (2009). We replaced Q(c)) in equation (S5) by a modified
megamatrix, mˆ which is the matrix m in equation (S3) with the 4th, 9th and 14th columns, which
represent the small reproductive stages in each of the three environments, replaced by vectors of
zeros. The new conditional transition matrix is given by m(c) = Bˆ2mˆBˆ
−1
2 , where Bˆ2 are the
equivalent of b2 for the megamatrix mˆ .
Appendix S5. Detailed method to calculate the sensitivity of life expectancy
to perturbation of vital rates
We began our analysis of sensitivity and elasticity of the life expectancy to perturbation of
lower-level vital rates by first determining the sensitivity of elements of the stage duration matrix
to each element of the transition matrix. According to new work by Steiner et al. (2012), the
sensitivity of each element, say the (k, l) element of matrix N to each element of the transition
matrix Q is
∂N(k, l)
∂Q(i, j)
= N(k, i)N(j, l). (S7)
The first factor in the equation reflects what individuals starting in stage i are going to do (how
much time they will spent in stage k) before they die and the second factor reflects where
individuals visiting stage j are coming from (how many visits to this destination stage will be
made from starting stage l).
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Fully evaluating this equation results in the calculation of (no. of stages)4 parameters; one
convenient display is an array with a dimension of no. of stages × no. of stages × no. of stages2,
in our example 5 × 5 × 25. Our computer code shows this as 25 ”pages,” each 5 × 5. To see how
this works consider an example from our own data, the Q matrix for Khaya in the moist forest
with low harvest, and its corresponding fundamental matrix are as follows:
Q =

0.6984 0 0 0 0
0.0851 0.5982 0 0 0
0 0.2230 0.9288 0 0
0 0 0.0171 0.7477 0.0303
0 0 0 0.2068 0.7841

,
N =

3.3153 0 0 0 0
0.7019 2.4890 0 0 0
2.1996 7.7993 14.0515 0 0
0.1682 0.5962 1.0742 4.4794 0.6286
0.1611 0.5711 1.0289 4.2906 5.2331

.
Recall that the fundamental matrix answers the question: for an individual who has arrived at a
particular stage (the column stage) what is the expected number of visits that individual will
make to each stage before it dies? In our example, individuals who have made it to stage 1 are
expected to spend more years in stage 1 and stage 3 than in any other stages. The sensitivity of
one of the elements of the fundamental matrix, say N(1, 1) to each of the elements of Q is
∂N(1, 1)
∂Q(i, j)
=

10.9911 2.3272 7.2921 0.5575 0.5340
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

.
6 Supporting information
The values in the first column include its sensitivity to Q(1,1) = N(1,1)N(1,1) = 10.991, its
sensitivity to Q(2,1) = N(1,2)N(1,1) = 0 × 3.3153 = 0, its sensitivity to Q(3,1) = N(1,3)N(1,1)
= 0 × 3.3153 = 0; its sensitivity to Q(4,1) = N(1,4)N(1,1) = 0 × 3.3153 = 0; and its sensitivity
to Q(5,1) = N(1,5)N(1,1) = 0 × 3.3153 = 0. The values in the second column include its
sensitivity to Q(1,2) = N(1,1)N(2,1) = 3.3153 × 0.7019 = 2.3272; its sensitivity to Q(2,2) =
N(1,2)N(2,1) = 0 × 0.7019 = 0; ... and so on for all the elements of one sensitivity matrix. Note
that sensitivity values are nonzero only in row 1, transitions to stage 1 are all that matter.
Within that row, sensitivity is highest for columns 1 and 3, in other words, for transitions out of
stages 1 and 3. Similarly we construct the matrix for the sensitivity of another element of the
fundamental matrix, say N(2, 1) to each element of Q,
∂N(2, 1)
∂Q(i, j)
=

2.3272 0.4927 1.5440 0.1180 0.1131
8.2518 1.7472 5.4747 0.4185 0.4009
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

,
and so on, for a total of 25 sensitivity matrices. Note N(2,1) that transitions to stage 1 and to
stage 2 are all that matter (the rest are zeros) to this element (N(2,1) = the number of visits we
expect to be made to stage 2 by individuals who have reached stage 1); transitions to stage 2 are
more important than to stage 1. Within both rows, sensitivity is highest for columns 1 and 3, in
other words, for transitions out of stages 1 and 3, similar to the pattern of sensitivities for N(1,1).
In general, the structure of the fundamental matrix foreshadows the structure of these sensitivity
matrices. The most ”important” (the ones with relatively higher sensitivity) transitions are those
out of the stages that are expected to receive the most frequent visits before dying. This
expectation is conditional upon the stage already reached by an individual. In our example, the
sensitivities of all the elements of column 1 of N were highest for transitions out of stages 1 and 3;
sensitivities of all the elements of column 2 of N were highest for transitions out of stage 3; the
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sensitivities of all the elements of column 3 of N were highest for transitions out of stage 3; the
sensitivities of all the elements of column 4 of N were highest for transitions out of stages 4 and 5;
and the sensitivities of all the elements of column 5 of N were highest for transitions out of stage
5 (see Figures S1 for graphical representation of the full set of 25 sensitivity matrices).
Steiner et al. (2012) further provide the following equation for the sensitivity of total life
expectancy conditional on surviving to stage k,
∂η(k)
∂Q(i, j)
= η(i)N(j, k). (S8)
For the life expectancy of newborns, set k = 1. For the remaining life expectancy of those that
have reached the reproductive stage, stage 4 in our example, set k = 4. The first factor in this
equation reflects how many years individual in stage i are expected to live (the total life
expectancy of stage i = the number of visits made from stage i to the sum of visits to all other
stages before dying) and the second factor again reflects where individuals seen in stage j come
from (the number of visits to stage j for those who start in stage k). Fully evaluating this
equation results in the calculation of (no. of stages)3 parameters; one convenient display is an
array with a dimension of no. of stages × no. of stages2, in our example 5 × 25. Our computer
code shows this as 5 ”pages”, each 5 × 5.
We note that sensitivity of life expectancy of newborns (but not the sensitivity of the remaining
life expectancy of reproductives) was derived by Caswell (2009) independently; his formulation
involves a vec-permutation method. Steiner et al.’s method yields the same result as that of
Caswell for life expectancy of newborns, but additionally provides sensitivity for conditional life
expectancy of any stage as well as additional insight. We adapted these methods to provide
sensitivity of life expectancy of newborns and remaining life expectancy of reproductives to vital
rates, using the chain rule, as follows:
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∂η(k)
∂θ(i, j)
=
∂η(k)
∂Q(i, j)
∂Q(i, j)
∂θ(i, j)
, (S9)
where θ is a 13 × 1 vector of vital rates and the corresponding elasticity E(η) to vital rates as
η(k)−1
∂η(k)
∂θ(i, j)
θ(i, j). (S10)
Fig. S1. Sensitivity of the elements of the fundamental matrix and stage
specific life expectancies to perturbation of matrix elements
Fig. S1A: Sensitivity to perturbation of matrix elements (i,1)
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Fig. S1B: Sensitivity to perturbation of matrix elements (i,2)
Fig. S1C: Sensitivity to perturbation of matrix elements (i,3)
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Fig. S1D: Sensitivity to perturbation of matrix elements (i,4)
Fig. S1E: Sensitivity to perturbation of matrix elements (i,5)
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Fig. S2. Elasticity of population growth rate to perturbation of lower level
vital rates
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Fig. S2: Elasticity of Khaya senegalensis population growth rates, λ, to perturbation of (a, d)
survival (s1: seedling, s2: sapling, s3: juvenile, s4: small adult, s5: large adult), (b, e) growth (g1,
g2, g3, g4), and (c, f) shrinkage (r2, r3, r4, r5) for low, medium and high harvesting intensities in
moist and dry regions.
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Data S2. Vital rates for populations of Khaya senegalensis in two ecological
regions (moist and dry) and for three harvesting intensities (low, medium
and dry). Vital rates are survival (σi), growth (γij) , and shrinkage (ρji) and
fertility (φi). For each vital rate, the numbers indicate life stages or the
direction of the transition (1: seedling, 2: sapling, 3: juvenile, 4: small adult,
5: large adult).
Moist Dry
Vital rates Low Medium High Low Medium High
σ1 0.783 0.679 0.900 0.421 0.357 0.218
σ2 0.911 0.902 0.744 0.697 0.929 0.881
σ3 0.946 0.866 0.998 0.978 0.955 0.941
σ4 0.955 0.952 0.980 0.9997 0.923 0.987
σ5 0.784 0.945 0.955 0.930 0.936 0.912
γ12 0.109 0.246 0.111 0.040 2.80 × 10−4 0.097
γ23 0.245 0.028 0.258 0.060 5.40 × 10−2 0.028
γ34 0.018 1.2 × 10−4 0.07 1.02 × 10−4 1.05 × 10−4 1.06 × 10−4
γ45 0.217 0.051 0.021 0.054 0.083 0.013
ρ21 0.098 0 0 0 0 0
ρ32 0 0 0 0 0 0
ρ43 0 0 0 0 0 0.013
ρ54 0.039 0.017 0 0 0.035 0
φ4 0.659 0.043 1.02 × 10−6 1.01 × 10−6 0.088 0.094
φ5 1.864 0.032 1.05 × 10−6 3.161 0.065 0.890
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